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ɊȺɁȾȿɅ IV 
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Аɧɧɨɬɚɰиɹ. Ɋɚɫɫɦɨɬɪɟɧɚ ɡɚɞɚɱɚ ɨɰɟɧɢɜɚɧɢɹ ɧɨɪɦɵ ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɞɜɭɦɹ 

ɡɚɦɤɧɭɬɵɦɢ ɝɥɚɞɤɢɦɢ ɤɪɢɜɵɦɢ ɩɪɢ ɪɚɫɩɨɡɧɚɜɚɧɢɢ ɨɛɪɚɡɨɜ. Ɉɩɢɫɚɧɵ ɞɢɮɮɟɨ-
ɦɨɪɮɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɤɪɢɜɵɯ ɧɚ ɨɫɧɨɜɟ ɦɨɞɟɥɢ ɛɨɥɶɲɢɯ ɞɟɮɨɪɦɚɰɢɣ. Ⱦɥɹ ɨɰɟ-
ɧɢɜɚɧɢɹ ɧɨɪɦɵ ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɞɜɭɦɹ ɡɚɦɤɧɭɬɵɦɢ ɤɪɢɜɵɦɢ ɮɨɪɦɢɪɭɟɬɫɹ ɮɭɧɤ-
ɰɢɨɧɚɥ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɣ ɧɨɪɦɟ ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɞɜɭɦɹ ɤɪɢɜɵɦɢ, ɢ ɭɪɚɜɧɟɧɢɟ 
ɷɜɨɥɸɰɢɢ ɞɢɮɮɟɨɦɨɪɮɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ. ɉɪɟɞɥɨɠɟɧ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɭɪɚɜ-
ɧɟɧɢɹ ɞɢɮɮɟɨɦɨɪɮɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɩɨɫɬɪɨɟɧɧɵɣ ɧɚ ɨɫɧɨɜɟ ɦɟɬɨɞɚ PSO, ɤɨ-
ɬɨɪɵɣ ɩɨɡɜɨɥɹɟɬ ɡɧɚɱɢɬɟɥɶɧɨ ɫɨɤɪɚɬɢɬɶ ɨɛɴɟɦ ɜɵɱɢɫɥɢɬɟɥɶɧɵɯ ɨɩɟɪɚɰɢɣ ɩɨ 
ɫɪɚɜɧɟɧɢɸ ɫ ɝɪɚɞɢɟɧɬɧɵɦɢ ɦɟɬɨɞɚɦɢ ɪɟɲɟɧɢɹ. Ɋɚɡɪɚɛɨɬɚɧɧɵɟ ɜ ɪɚɛɨɬɟ ɚɥɝɨ-
ɪɢɬɦɵ ɦɨɝɭɬ ɢɫɩɨɥɶɡɨɜɚɬɶɫɹ ɜ ɛɢɨɢɧɮɨɪɦɚɬɢɤɟ ɢ ɛɢɨɦɟɬɪɢɱɟɫɤɢɯ ɫɢɫɬɟɦɚɯ, 
ɤɥɚɫɫɢɮɢɤɚɰɢɢ ɢɡɨɛɪɚɠɟɧɢɣ ɢ ɨɛɴɟɤɬɨɜ, ɫɢɫɬɟɦɚɯ ɦɚɲɢɧɧɨɝɨ ɡɪɟɧɢɹ, ɩɪɢ ɪɚɫɩɨ-
ɡɧɚɜɚɧɢɢ ɨɛɪɚɡɨɜ ɢ ɨɛɴɟɤɬɨɜ, ɫɢɫɬɟɦɚɯ ɬɪɟɤɢɧɝɚ. 

 
Кɥɸɱеɜые ɫɥɨɜɚ: ɪɚɫɩɨɡɧɚɜɚɧɢɟ ɨɛɪɚɡɨɜ, ɦɚɲɢɧɧɨɟ ɡɪɟɧɢɟ, ɢɧɜɚɪɢɚɧɬɧɨɫɬɶ, 

ɞɢɮɮɟɨɦɨɪɮɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɛɢɨɢɧɮɨɪɦɚɬɢɤɚ, ɦɟɬɨɞ PSO.  
 
ȼɜɟɞɟɧɢɟ 
Ɋɚɫɩɨɡɧɚɜɚɧɢɟ ɨɛɴɟɤɬɨɜ ɩɨ ɢɡɨɛɪɚɠɟ-

ɧɢɹɦ ɧɟɡɚɜɢɫɢɦɨ ɨɬ ɢɯ ɪɚɫɩɨɥɨɠɟɧɢɹ, ɨɪɢ-
ɟɧɬɚɰɢɢ, ɦɚɫɲɬɚɛɚ ɢ ɩɟɪɫɩɟɤɬɢɜɵ – ɹɜɥɹ-
ɟɬɫɹ ɜɚɠɧɵɦ ɧɚɩɪɚɜɥɟɧɢɟɦ ɢɧɮɨɪɦɚɰɢɨɧ-
ɧɵɯ ɬɟɯɧɨɥɨɝɢɣ ɜ ɨɛɥɚɫɬɢ ɪɚɫɩɨɡɧɚɜɚɧɢɹ 
ɨɛɪɚɡɨɜ ɢ ɦɚɲɢɧɧɨɝɨ ɡɪɟɧɢɹ. ȼ ɡɚɞɚɱɚɯ ɦɚ-
ɬɟɦɚɬɢɱɟɫɤɨɣ ɦɨɪɮɨɥɨɝɢɢ ɜɚɠɧɨɣ ɹɜɥɹɟɬɫɹ 
ɡɚɞɚɱɚ ɫɨɩɨɫɬɚɜɥɟɧɢɹ ɛɥɢɡɤɢɯ ɮɨɪɦ, ɚ ɧɟ 
ɬɨɱɧɨɟ ɨɩɪɟɞɟɥɟɧɢɟ ɤɚɠɞɨɣ ɮɨɪɦɵ; ɞɟ-
ɮɨɪɦɚɰɢɹ ɫɥɨɠɧɨɣ ɮɢɝɭɪɵ ɦɨɠɟɬ ɩɪɢɜɟɫɬɢ 
ɤ ɩɨɧɢɦɚɧɢɸ ɮɨɪɦɵ. Иɡɭɱɟɧɢɟ ɮɨɪɦɵ ɢ 
ɢɡɦɟɧɱɢɜɨɫɬɢ ɢɡɨɛɪɚɠɟɧɢɹ ɜ ɪɚɦɤɚɯ ɬɟɨɪɢɢ 
ɪɚɫɩɨɡɧɚɜɚɧɢɹ ɨɛɪɚɡɨɜ ɦɨɠɧɨ ɫɜɟɫɬɢ ɤ 
ɨɰɟɧɢɜɚɧɢɸ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ, ɤɨɬɨɪɵɟ ɩɨ-
ɫɥɟɞɨɜɚɬɟɥɶɧɨ ɞɟɮɨɪɦɢɪɭɸɬ ɢɡɨɛɪɚɠɟɧɢɹ. 
ȼɵɱɢɫɥɟɧɢɟ ɦɧɨɝɨɦɟɪɧɵɯ ɧɟɠɟɫɬɤɢɯ ɩɪɟ-
ɨɛɪɚɡɨɜɚɧɢɣ ɢɡɨɛɪɚɠɟɧɢɣ ɩɪɢɜɟɥɨ ɤ ɪɚɡɜɢ-
ɬɢɸ ɫɬɪɚɬɟɝɢɢ ɷɥɚɫɬɢɱɧɨɝɨ ɫɪɚɜɧɟɧɢɹ, ɩɪɢ 
ɷɬɨɦ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɥɢɧɟɚɪɢɡɭɟɬɫɹ ɨɬɧɨ-
ɫɢɬɟɥɶɧɨ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɢɫɯɨɞɧɨɝɨ 
ɢɡɨɛɪɚɠɟɧɢɹ ɢ ɝɟɧɟɪɢɪɭɟɬɫɹ ɜɟɤɬɨɪɧɨɟ ɩɨ-

ɥɟ ɫɦɟɳɟɧɢɣ. ɋɬɨɢɦɨɫɬɶ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 
ɢɡɦɟɪɹɟɬɫɹ ɮɭɧɤɰɢɨɧɚɥɨɦ – ɧɨɪɦɨɣ ɪɚɡɧɨ-
ɫɬɢ ɦɟɠɞɭ ɩɪɟɨɛɪɚɡɨɜɚɧɧɵɦ ɢɫɯɨɞɧɵɦ 
ɢɡɨɛɪɚɠɟɧɢɟɦ ɢ ɷɬɚɥɨɧɧɵɦ ɢɡɨɛɪɚɠɟɧɢɟɦ; 
ɨɩɬɢɦɚɥɶɧɨɦɭ ɩɪɟɨɛɪɚɡɨɜɚɧɢɸ ɷɬɨɝɨ ɮɭɧɤ-
ɰɢɨɧɚɥɚ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɜɟɤɬɨɪɧɨɟ ɩɨɥɟ 
ɫɦɟɳɟɧɢɣ ɫ ɧɚɢɛɨɥɶɲɟɣ ɝɥɚɞɤɨɫɬɶɸ. Иɡɦɟ-
ɪɟɧɢɟ ɝɥɚɞɤɨɫɬɢ ɞɨɫɬɢɝɚɟɬɫɹ ɭɤɚɡɚɧɢɟɦ 
ɧɨɪɦɵ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɜɟɤɬɨɪɧɵɯ ɩɨɥɟɣ ɫ 
ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɨɩɟ-
ɪɚɬɨɪɚ. Ɉɞɧɢɦ ɢɡ ɨɝɪɚɧɢɱɟɧɢɣ ɞɚɧɧɨɝɨ ɩɨɞ-
ɯɨɞɚ ɹɜɥɹɟɬɫɹ ɬɨ, ɱɬɨ ɧɟ ɝɚɪɚɧɬɢɪɭɟɬɫɹ ɛɢ-
ɟɤɬɢɜɧɨɫɬɶ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ. ɉɪɟɞɫɬɚɜɥɹɟɬ 
ɢɧɬɟɪɟɫ ɜɵɱɢɫɥɟɧɢɟ ɞɢɮɮɟɨɦɨɪɮɧɵɯ ɩɪɟ-
ɨɛɪɚɡɨɜɚɧɢɣ, ɤɨɬɨɪɵɟ ɫɚɦɢ ɹɜɥɹɸɬɫɹ ɝɥɚɞ-
ɤɢɦɢ, ɧɨ ɢ ɨɛɪɚɬɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɫɨ-
ɯɪɚɧɹɸɬ ɫɜɨɣɫɬɜɚ ɝɥɚɞɤɨɫɬɢ. Ɇɨɞɟɥɶ ɛɨɥɶ-
ɲɢɯ ɞɟɮɨɪɦɚɰɢɣ ɞɥɹ ɜɵɱɢɫɥɟɧɢɹ ɩɪɟɨɛɪɚ-
ɡɨɜɚɧɢɣ ɢɡɨɛɪɚɠɟɧɢɣ [0] ɝɚɪɚɧɬɢɪɭɟɬ, ɱɬɨ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɜɵɱɢɫɥɟɧɧɵɟ ɦɟɠɞɭ ɢɡɨ-
ɛɪɚɠɟɧɢɹɦɢ, ɞɢɮɮɟɨɦɨɪɮɧɵ. ɉɪɢ ɷɬɨɦ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɢɫɯɨɞɧɵɯ ɬɨɱɟɤ ɨɛɥɚɫɬɢ ɜ 
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ɬɪɟɛɭɟɦɵɟ ɮɨɪɦɢɪɭɟɬɫɹ ɧɚ ɨɫɧɨɜɟ ɡɚɜɢɫɹ-
ɳɟɝɨ ɨɬ ɜɪɟɦɟɧɢ ɜɟɤɬɨɪɧɨɝɨ ɩɨɥɹ ɫɤɨɪɨ-
ɫɬɟɣ, ɤɨɬɨɪɨɟ ɨɩɪɟɞɟɥɹɟɬɫɹ ɫɢɫɬɟɦɨɣ ɨɛɵɤ-
ɧɨɜɟɧɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ 
(ODE). 

ȼ ɪɚɛɨɬɟ ɪɚɫɫɦɨɬɪɟɧɚ ɡɚɞɚɱɚ ɨɰɟɧɢɜɚ-
ɧɢɹ ɧɨɪɦɵ ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɞɜɭɦɹ ɡɚɦɤ-
ɧɭɬɵɦɢ ɝɥɚɞɤɢɦɢ ɤɪɢɜɵɦɢ ɩɪɢ ɪɚɫɩɨɡɧɚɜɚ-
ɧɢɢ 2D-ɨɛɪɚɡɨɜ. Ɋɚɫɫɦɨɬɪɟɧɵ ɞɟɣɫɬɜɢɹ 
ɝɪɭɩɩ ɩɟɪɟɧɨɫɚ, ɜɪɚɳɟɧɢɹ ɢ ɦɚɫɲɬɚɛɢɪɨ-
ɜɚɧɢɹ ɧɚ 2D ɡɚɦɤɧɭɬɭɸ ɤɪɢɜɭɸ, ɢɧɜɚɪɢɚɧɬɵ 
ɤ ɞɟɣɫɬɜɢɸ ɷɬɢɯ ɝɪɭɩɩ. Ⱦɥɹ ɨɰɟɧɢɜɚɧɢɹ 
ɧɨɪɦɵ ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɤɪɢɜɵɦɢ ɩɨɥɨɠɟ-
ɧɢɟ ɤɪɢɜɵɯ ɧɨɪɦɚɥɢɡɭɟɬɫɹ ɰɟɧɬɪɢɪɨɜɚɧɢ-
ɟɦ, ɩɪɢɜɟɞɟɧɢɟɦ ɝɥɚɜɧɵɯ ɨɫɟɣ ɢɧɟɪɰɢɢ 
ɢɡɨɛɪɚɠɟɧɢɹ ɤ ɨɫɹɦ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɢ 
ɩɪɢɜɟɞɟɧɢɟɦ ɤ ɟɞɢɧɢɰɟ ɩɥɨɳɚɞɢ ɡɚɦɤɧɭɬɨɣ 
ɤɪɢɜɨɣ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦ ɦɚɫɲɬɚɛɢɪɨɜɚɧɢ-
ɟɦ. Ⱦɥɹ ɨɰɟɧɢɜɚɧɢɹ ɧɨɪɦɵ ɪɚɫɫɬɨɹɧɢɹ ɦɟ-
ɠɞɭ ɞɜɭɦɹ ɡɚɦɤɧɭɬɵɦɢ ɤɪɢɜɵɦɢ ɮɨɪɦɢɪɭ-
ɟɬɫɹ ɮɭɧɤɰɢɨɧɚɥ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɣ ɧɨɪɦɟ 
ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɞɜɭɦɹ ɤɪɢɜɵɦɢ, ɢ ɭɪɚɜ-
ɧɟɧɢɟ ɷɜɨɥɸɰɢɢ ɞɢɮɮɟɨɦɨɪɮɧɵɯ ɩɪɟɨɛɪɚ-
ɡɨɜɚɧɢɣ. ɉɪɟɞɥɨɠɟɧ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ 
ɭɪɚɜɧɟɧɢɹ ɞɢɮɮɟɨɦɨɪɮɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚ-
ɧɢɹ, ɩɨɫɬɪɨɟɧɧɵɣ ɧɚ ɨɫɧɨɜɟ ɦɟɬɨɞɚ PSO, 
ɤɨɬɨɪɵɣ ɩɨɡɜɨɥɹɟɬ ɡɧɚɱɢɬɟɥɶɧɨ ɫɨɤɪɚɬɢɬɶ 
ɨɛɴɟɦ ɜɵɱɢɫɥɢɬɟɥɶɧɵɯ ɨɩɟɪɚɰɢɣ ɩɨ ɫɪɚɜ-
ɧɟɧɢɸ ɫ ɝɪɚɞɢɟɧɬɧɵɦɢ ɦɟɬɨɞɚɦɢ ɪɟɲɟɧɢɹ. 

Ɋɚɡɪɚɛɨɬɚɧɧɵɟ ɜ ɪɚɛɨɬɟ ɚɥɝɨɪɢɬɦɵ ɦɨ-
ɝɭɬ ɢɫɩɨɥɶɡɨɜɚɬɶɫɹ ɜ ɛɢɨɢɧɮɨɪɦɚɬɢɤɟ ɢ 
ɛɢɨɦɟɬɪɢɱɟɫɤɢɯ ɫɢɫɬɟɦɚɯ, ɤɥɚɫɫɢɮɢɤɚɰɢɢ 
ɢɡɨɛɪɚɠɟɧɢɣ ɢ ɨɛɴɟɤɬɨɜ, ɫɢɫɬɟɦɚɯ ɦɚɲɢɧ-
ɧɨɝɨ ɡɪɟɧɢɹ, ɧɟɣɪɨɜɢɡɭɚɥɢɡɚɰɢɢ, ɩɪɢ ɪɚɫ-
ɩɨɡɧɚɜɚɧɢɢ ɨɛɪɚɡɨɜ ɢ ɨɛɴɟɤɬɨɜ, ɫɢɫɬɟɦɚɯ 
ɬɪɟɤɢɧɝɚ. Ⱥɥɝɨɪɢɬɦ ɨɰɟɧɢɜɚɧɢɹ ɧɨɪɦɵ ɪɚɫ-
ɫɬɨɹɧɢɹ ɦɟɠɞɭ ɡɚɦɤɧɭɬɵɦɢ ɤɪɢɜɵɦɢ ɦɟɬɨ-
ɞɨɦ ɞɢɮɮɟɨɦɨɪɮɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɦɨ-
ɠɟɬ ɪɚɫɩɪɨɫɬɪɚɧɟɧ ɧɚ ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɵɟ 
ɨɛɴɟɤɬɵ (ɤɪɢɜɵɟ, ɩɨɜɟɪɯɧɨɫɬɢ, ɦɧɨɝɨɨɛɪɚ-
ɡɢɹ). 

ɉɨɫɬɪɨɟɧɢɟ ɢɧɜɚɪɢɚɧɬɨɜ ɩɟɪɟɧɨɫɚ, 
ɜɪɚɳɟɧɢɹ ɢ ɦɚɫɲɬɚɛɢɪɨɜɚɧɢɹ 

Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ ɢɧɜɚɪɢɚɧɬɨɜ ɩɪɢ ɪɚɫ-
ɩɨɡɧɚɜɚɧɢɢ ɨɛɪɚɡɨɜ ɧɟɨɛɯɨɞɢɦɨ ɧɚɣɬɢ 
ɝɪɭɩɩɭ G , ɞɟɣɫɬɜɭɸɳɭɸ ɧɚ ɦɧɨɠɟɫɬɜɟ ɚɪ-
ɝɭɦɟɧɬɨɜ ɮɭɧɤɰɢɢ ɢɡɨɛɪɚɠɟɧɢɹ. Иɡɨɛɪɚɠɟ-
ɧɢɟ ɨɛɴɟɤɬɚ ɦɨɠɟɬ ɛɵɬɶ ɨɩɢɫɚɧɨ ɮɭɧɤɰɢɟɣ 
 , 1f x y  , ɟɫɥɢ   2,x y S  R  

(  , 0f x y  , ɢɧɚɱɟ), ɝɞɟ  ,x y  – ɞɟɤɚɪɬɨɜɵ 
ɤɨɨɪɞɢɧɚɬɵ ɢɡɨɛɪɚɠɟɧɢɹ ɫ ɝɪɚɧɢɰɟɣ с S   

ɦɧɨɠɟɫɬɜɚ S . Ⱦɟɣɫɬɜɢɟ ɝɪɭɩɩɵ ɩɟɪɟɧɨɫɚ ɧɚ 
ɮɭɧɤɰɢɸ   ,f x y

 
 ɜ ɧɚɩɪɚɜɥɟɧɢɢ: 

 

ɨɫɢ X :    ε , ε ,
x xg f x y f x y  ;  

 

ɨɫɢ Y :    ε , , ε
y yg f x y f x y  . 

 
Ⱦɟɣɫɬɜɢɟ ɝɪɭɩɩɵ ɦɚɫɲɬɚɛɢɪɨɜɚɧɢɹ ɧɚ 

ɮɭɧɤɰɢɸ  ,f x y :  

 

      φ , 1 φ , 1 φ
s s sg f x y f x y   . 

 
Ⱦɟɣɫɬɜɢɟ ɝɪɭɩɩɵ ɜɪɚɳɟɧɢɹ (ɩɨɜɨɪɨɬ ɧɚ 

ɭɝɨɥ α ):  

 

   α , cosα sinα, sinα cosαg f x y f x y x y  
. 

Иɧɜɚɪɢɚɧɬɧɨɫɬɶ ɩɨ ɨɬɧɨɲɟɧɢɸ ɤ ɝɪɭɩɩɟ 
ɩɟɪɟɧɨɫɚ ɦɨɠɟɬ ɛɵɬɶ ɨɛɟɫɩɟɱɟɧɚ ɧɚɯɨɠɞɟ-
ɧɢɟɦ ɰɟɧɬɪɚ  0 0,x y  ɫ ɩɨɫɥɟɞɭɸɳɢɦ ɩɟɪɟ-
ɧɨɫɨɦ. Ⱦɥɹ ɞɟɣɫɬɜɢɹ ɝɪɭɩɩɵ ɩɟɪɟɧɨɫɚ ɧɚ 
ɮɭɧɤɰɢɸ 2D-ɢɡɨɛɪɚɠɟɧɢɹ ɧɚɯɨɠɞɟɧɢɟ ɰɟɧ-
ɬɪɚ ɢɡɨɛɪɚɠɟɧɢɹ ɫɜɨɞɢɬɫɹ ɤ ɦɟɬɨɞɭ ɦɨɦɟɧ-
ɬɨɜ Д2]. ɋɮɨɪɦɢɪɭɟɦ ɦɨɦɟɧɬɵ ɩɨɪɹɞɤɚ 
 p q  2D-ɮɭɧɤɰɢɢ  ,f x y :  

 

 , , ; ,p q

p q

S

m x y f x y dS p q
  Z ; 

 
ɧɚɩɪɢɦɟɪ, ɩɥɨɳɚɞɶ ɢɡɨɛɪɚɠɟɧɢɹ: 

 

 0,0 ,
S

m f x y dS  . 

 

ɐɟɧɬɪ  0 0,x y  ɮɭɧɤɰɢɢ ɢɡɨɛɪɚɠɟɧɢɹ 

 ,f x y  ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɡ ɫɨɨɬɧɨɲɟɧɢɣ: 
1

0 1,0 0,0x m m
 ; 

1

0 0,1 0,0y m m
 . ɐɟɧɬɪɢɪɨɜɚɧɧɚɹ 

ɮɭɧɤɰɢɹ  0 0,f x x y y   ɹɜɥɹɟɬɫɹ ɢɧɜɚɪɢ-
ɚɧɬɧɨɣ ɩɨ ɨɬɧɨɲɟɧɢɸ ɤ ɞɟɣɫɬɜɢɸ ɝɪɭɩɩɵ 
ɩɟɪɟɧɨɫɨɜ. Ⱦɥɹ ɧɨɪɦɚɥɢɡɚɰɢɢ ɢɡɨɛɪɚɠɟɧɢɹ 
ɩɟɪɟɧɟɫɟɦ ɰɟɧɬɪ  ,f x y  ɜ ɧɚɱɚɥɨ ɤɨɨɪɞɢ-
ɧɚɬ. ɇɨɪɦɚɥɢɡɨɜɚɧɧɵɟ ɦɨɦɟɧɬɵ: 
 0 0,f x x y y   ɹɜɥɹɸɬɫɹ ɢɧɜɚɪɢɚɧɬɚɦɢ 

ɦɚɫɲɬɚɛɢɪɨɜɚɧɢɹ. ɉɨɞɟɣɫɬɜɭɟɦ ɧɚ  ,f x y  

ɬɚɤɢɦ ɷɥɟɦɟɧɬɨɦ ɝɪɭɩɩɵ ɦɚɫɲɬɚɛɢɪɨɜɚɧɢɹ 
φs

g , ɱɬɨ ɡɧɚɱɟɧɢɟ ɛɭɞɟɬ 1F  . 

Ⱦɥɹ ɜɵɞɟɥɟɧɢɹ ɨɩɪɟɞɟɥɟɧɧɨɣ ɨɪɢɟɧɬɢ-
ɪɨɜɚɧɧɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɩɨɫɬɪɨɢɦ ɬɟɧ-

ɡɨɪ ɢɡɨɛɪɚɠɟɧɢɹ: 2,0 1,1

1,1 0,2

m m
J

m m

 
   

. ɉɪɢ ɩɨ-

ɜɨɪɨɬɟ ɨɛɴɟɤɬɚ ɭɝɨɥ   ɫ ɦɚɬɪɢɰɟɣ ɧɚɩɪɚɜ-
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ɥɹɸɳɢɯ ɤɨɫɢɧɭɫɨɜ cos sin

sin cos
T

 
  
 

 
 

 ɬɟɧɡɨɪ 

ɢɧɟɪɰɢɢ ɢɡɦɟɧɹɟɬɫɹ ɩɨ ɡɚɤɨɧɭ: ' T
J T J T   . 

ɉɪɢ ɩɨɜɨɪɨɬɟ ɨɛɴɟɤɬɚ ɧɚ ɭɝɨɥ: 

  1

0,5 arctg 2 xy yy xxJ J J


   , ɬɟɧɡɨɪ ɢɧɟɪ-

ɰɢɢ ɛɭɞɟɬ ɢɦɟɬɶ ɞɢɚɝɨɧɚɥɶɧɵɣ ɜɢɞ 
  2 2diagd

x yJ J J
 R , ɝɞɟ ,  x yJ J  – ɫɨɛ-

ɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɬɟɧɡɨɪɚ ɢɧɟɪɰɢɢ J . ɉɪɢ 

x yJ J  ɦɨɠɧɨ ɩɪɨɜɟɫɬɢ ɬɚɤɨɟ ɩɪɟɨɛɪɚɡɨ-

ɜɚɧɢɟ ɤɨɨɪɞɢɧɚɬ:    T T
x y T x y    – 

ɮɨɪɦɢɪɨɜɚɧɢɟɦ ɩɨɜɨɪɨɬɚ T , ɱɬɨ ɨɫɢ ,X Y  

ɛɭɞɭɬ ɧɚɩɪɚɜɥɟɧɵ ɩɨ ɝɥɚɜɧɵɦ ɨɫɹɦ ɬɟɧɡɨɪɚ 
ɢɧɟɪɰɢɢ 2 D-ɢɡɨɛɪɚɠɟɧɢɹ.  

Ȼɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ 1
C  ɡɚɦɤɧɭɬɭɸ 

ɤɪɢɜɭɸ – ɤɚɤ ɧɟɩɪɟɪɵɜɧɨ ɞɢɮɮɟɪɟɧɰɢɪɭɟ-
ɦɨɟ ɨɬɨɛɪɚɠɟɧɢɟ 

 1 2 1 2: ; 1c S S x x   R R , ɞɥɹ ɤɨɬɨɪɨɝɨ 

ɩɪɨɢɡɜɨɞɧɚɹ  c   ɫɭɳɟɫɬɜɭɟɬ ɞɥɹ ɥɸɛɨɝɨ 

ɡɧɚɱɟɧɢɹ a  ɢ   10;c S     . 

Ⱦɥɹ ɧɨɪɦɚɥɢɡɚɰɢɢ ɢɡɨɛɪɚɠɟɧɢɹ ɧɟɨɛ-
ɯɨɞɢɦɨ ɪɟɲɢɬɶ ɡɚɞɚɱɭ ɧɚɯɨɠɞɟɧɢɹ ɰɟɧɬɪɚ 
ɢɡɨɛɪɚɠɟɧɢɹ ɢ ɜɵɞɟɥɟɧɧɨɣ ɨɪɢɟɧɬɚɰɢɢ 
ɝɪɭɩɩɵ ɜɪɚɳɟɧɢɹ ɫ ɩɨɫɥɟɞɭɸɳɢɦ ɰɟɧɬɪɢ-
ɪɨɜɚɧɢɟɦ ɢ ɦɚɫɲɬɚɛɢɪɨɜɚɧɢɹ ɢɡɨɛɪɚɠɟɧɢɹ. 

Ⱦɟɣɫɬɜɢɟ ɷɥɟɦɟɧɬɨɜ ɝɪɭɩɩ ɧɚ ɤɪɢɜыɟ 
Ɋɚɫɫɦɨɬɪɢɦ ɞɟɣɫɬɜɢɟ ɦɚɬɪɢɱɧɵɯ ɝɪɭɩɩ 

ɧɚ ɤɪɢɜɵɟ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ: A A c , 

ɝɞɟ 2 2:A R R  ɞɟɣɫɬɜɢɟ ɦɚɬɪɢɱɧɨɣ ɝɪɭɩɩɵ 
ɜ 2

R . ɉɪɢɜɟɞɟɦ ɩɪɢɦɟɪɵ ɦɚɬɪɢɱɧɵɯ                
ɝɪɭɩɩ Д3]. 

  2GL  – ɥɢɧɟɣɧɚɹ ɝɪɭɩɩɚ ɦɚɬɪɢɰ 

   2 22 ;det 0GL A A
  R  ɫ ɡɚɤɨɧɨɦ ɤɨɦ-

ɩɨɡɢɰɢɢ – ɭɦɧɨɠɟɧɢɟɦ ɦɚɬɪɢɰ. 
    2 2SO GL  – ɫɩɟɰɢɚɥɶɧɚɹ ɨɪɬɨ-

ɝɨɧɚɥɶɧɚɹ ɝɪɭɩɩɚ ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɚ 
ɦɚɬɪɢɰɚɦɢ 

    2 22 : | Id;det 1T T
SO A AA A A A

    R

. 

 Ƚɪɭɩɩɚ ɦɚɫɲɬɚɛɢɪɨɜɚɧɢɹ ɦɨɠɟɬ 
ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɚ ɞɢɚɝɨɧɚɥɶɧɵɦɢ ɦɚɬɪɢ-

ɰɚɦɢ 
ρ 0

,ρ
0 ρ

A
 

  
 

R . 

  2SE  – ɫɩɟɰɢɚɥɶɧɚɹ ɝɪɭɩɩɚ ȿɜɤɥɢ-
ɞɚ ɨɩɪɟɞɟɥɹɟɬɫɹ ɩɨɥɭɩɪɹɦɵɦ ɩɪɨɢɡɜɟɞɟ-
ɧɢɟɦ   22SO R . 

Ⱦɢɮɮɟɪɟɧɰɢɪɭɟɦɚɹ ɤɪɢɜɚɹ ɜ  2GL  ɷɬɨ 

ɮɭɧɤɰɢɹ:    : , 2tg a b GL , ɞɥɹ ɤɨɬɨɪɵɯ 

ɫɭɳɟɫɬɜɭɟɬ ɩɪɨɢɡɜɨɞɧɚɹ  ; ,tdg
t a b

dt
  . 

ɍɪɚɜɧɟɧɢɟ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ ɞɥɹ ɷɥɟɦɟɧɬɚ 

ɦɚɬɪɢɱɧɨɣ ɝɪɭɩɩɵ: t
t

dg
A g

dt
  ; 0 Idtg   , 

ɝɞɟ 2 2
A

R  - ɦɚɬɪɢɰɚ ɫ ɩɨɫɬɨɹɧɧɵɦɢ ɷɥɟ-
ɦɟɧɬɚɦɢ, ɢɦɟɟɬ ɪɟɲɟɧɢɟ:  exptg tA , ɤɨ-
ɬɨɪɨɟ ɨɛɥɚɞɚɟɬ ɝɪɭɩɩɨɜɵɦɢ ɫɜɨɣɫɬɜɚɦɢ. 

Ʉɪɢɜɚɹ, ɫɨɟɞɢɧɹɸɳɚɹ ɷɥɟɦɟɧɬɵ 
 0 1, 2g g GL , ɦɢɧɢɦɢɡɢɪɭɸɳɚɹ ɮɭɧɤɰɢɨ-

ɧɚɥ: 
 

     

1 1
2 2 2

2

0 0

, ;t t tV
v dt Lv v dt L

   R ,      (1) 

 
ɢ ɭɞɨɜɥɟɬɜɨɪɹɸɳɚɹ ɭɪɚɜɧɟɧɢɸ 

t
t t

dg
v g

dt
  , ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɭɪɚɜɧɟ-

ɧɢɹ Эɣɥɟɪɚ Д4]:  

 

       
     * *

t t t t td Lv dt Lv v v Lv  .        (2) 

 
Ƚɪɭɩɩɚ ɞɢɮɮɟɨɦɨɪɮɧыɯ ɩɪɟɨɛɪɚɡɨ-

ɜɚɧɢɣ 
Ȼɭɞɟɦ ɫɱɢɬɚɬɶ, ɱɬɨ ɡɚɦɤɧɭɬɵɟ ɤɪɢɜɵɟ 

ɩɪɢɧɚɞɥɟɠɚɬ ɨɬɤɪɵɬɨɦɭ ɩɨɞɦɧɨɠɟɫɬɜɭ 
2

X  R . Ⱦɢɮɮɟɨɦɨɪɮɢɡɦ X  ɹɜɥɹɟɬɫɹ ɨɛ-
ɪɚɬɢɦɵɦ ɧɟɩɪɟɪɵɜɧɨ ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɵɦ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɟɦ X X ; ɫɭɳɟɫɬɜɭɟɬ ɬɨɠ-
ɞɟɫɬɜɟɧɧɨɟ ɨɬɨɛɪɚɠɟɧɢɟ ( Id  – ɤɨɦɩɨɡɢɰɢɹ 
ɩɪɹɦɨɝɨ ɢ ɨɛɪɚɬɧɨɝɨ ɞɢɮɮɟɨɦɨɪɮɢɡɦɚ). 
Ɇɧɨɠɟɫɬɜɨ ɞɢɮɮɟɨɦɨɪɮɢɡɦɨɜ  Diff X  

ɨɩɪɟɞɟɥɹɸɬ ɫɬɪɭɤɬɭɪɭ ɝɪɭɩɩɵ. Ⱦɢɮɮɟɨ-
ɦɨɪɮɢɡɦɵ ɢɡɦɟɧɹɸɬ ɤɨɥɢɱɟɫɬɜɟɧɧɵɟ ɯɚ-
ɪɚɤɬɟɪɢɫɬɢɤɢ ɨɛɴɟɤɬɨɜ, ɤɨɬɨɪɵɟ ɨɩɪɟɞɟɥɟ-
ɧɵ ɧɚ ɦɧɨɠɟɫɬɜɟ X . Ɇɚɬɪɢɱɧɵɟ ɝɪɭɩɩɵ 
ɞɢɮɮɟɨɦɨɪɮɢɡɦɨɜ ɢɦɟɸɬ ɤɨɧɟɱɧɭɸ ɪɚɡ-
ɦɟɪɧɨɫɬɶ ɢ ɤɨɞɢɪɭɟɬɫɹ ɫ ɩɨɦɨɳɶɸ ɩɚɪɚ-
ɦɟɬɪɨɜ ɦɚɬɪɢɰ.
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Ɋɚɫɫɦɨɬɪɢɦ ɝɪɭɩɩɭ ɛɟɫɤɨɧɟɱɧɨɦɟɪɧɵɯ 
ɞɢɮɮɟɨɦɨɪɮɢɡɦɨɜ, ɞɟɣɫɬɜɭɸɳɢɯ ɧɚ ɨɝɪɚ-
ɧɢɱɟɧɧɨɦ ɦɧɨɠɟɫɬɜɟ 2

X  R . Ɉɩɪɟɞɟɥɢɦ 
ɞɢɮɮɟɨɦɨɪɮɢɡɦ :g X X  ɫ ɨɛɪɚɬɧɵɦ 

ɷɥɟɦɟɧɬɨɦ 1
g


 ɢ ɨɩɪɟɞɟɥɢɦ ɝɪɭɩɩɭ ɩɪɟɨɛ-
ɪɚɡɨɜɚɧɢɣ G , ɤɚɤ ɩɨɞɝɪɭɩɩɭ ɞɢɮɮɟɨɦɨɪ-
ɮɢɡɦɨɜ, ɫ ɡɚɤɨɧɨɦ ɤɨɦɩɨɡɢɰɢɢ : 

 g g g g G   . Ⱦɥɹ ɮɨɪɦɢɪɨɜɚɧɢɹ ɞɢɮ-
ɮɟɨɦɨɪɮɧɵɯ ɨɬɨɛɪɚɠɟɧɢɣ ɞɢɮɮɟɨɦɨɪ-
ɮɢɡɦɵ ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɤɚɤ ɩɨɬɨɤɢ ODE. 
ɉɪɟɞɩɨɥɨɠɢɦ, ɞɢɮɮɟɨɦɨɪɮɢɡɦɵ 
 ;tg x x X  ɷɜɨɥɸɰɢɨɧɢɪɭɸɬ ɜɨ ɜɪɟɦɟɧɢ 

 0,1t  ɫ ɜɟɤɬɨɪɧɵɦ ɩɨɥɟɦ  tv  :  

 

    
      0;t t tdg x dt v g x g x x         (3) 

 
Ɏɨɪɦɢɪɨɜɚɧɢɟɦ ɬɪɟɛɭɟɦɨɝɨ ɜɟɤɬɨɪɧɨɝɨ 

ɩɨɥɹ  tv   ɜ ɥɸɛɨɣ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ 

 0 1t  ɦɨɠɧɨ ɞɨɛɢɬɶɫɹ ɬɚɤɨɝɨ ɞɟɣɫɬɜɢɹ 

ɷɥɟɦɟɧɬɨɜ ɝɪɭɩɩɵ  tg   ɧɚ ɬɨɱɤɢ ɩɪɨɫɬɪɚɧ-

ɫɬɜɚ 2
X  R , ɱɬɨ 

   0 1; ; ,g x x g x y x y X    . 

Ⱦɨɩɭɫɬɢɦ, ɱɬɨ ɡɚɞɚɧɚ ɧɨɪɦɚ 

 2 *

2
,t t t t tV

S

v Lv v Lv v dS   , ɝɞɟ 

 α ; 0,1t tLv t   – ɦɨɦɟɧɬ ɜɟɤɬɨɪɧɨɝɨ ɩɨɥɹ. 

Ⱦɥɹ tg G  ɫɭɳɟɫɬɜɭɸɬ ɫɤɨɪɨɫɬɢ 

 t t tv g dg dt , ɦɢɧɢɦɢɡɢɪɭɸɳɢɟ ɮɭɧɤɰɢɨ-
ɧɚɥ: 

 

 
1 1

2

2

0 0

,t t t tV
v v dt Lv v dt    ,     (4) 

 
ɧɚ ɬɪɚɟɤɬɨɪɢɢ, ɫɨɟɞɢɧɹɸɳɟɣ ɷɥɟɦɟɧɬɵ 

ɝɪɭɩɩɵ 0 0t
g g


  ɢ 1 1t

g g


 . ɉɪɟɞɫɬɚɜɢɦ 

ɨɛɪɚɬɧɭɸ ɫɜɹɡɶ ɦɟɠɞɭ ɫɤɨɪɨɫɬɶɸ tv  ɢ ɦɨ-
ɦɟɧɬɨɦ α t  ɜ ɮɨɪɦɟ:  

     

                
1α αt t tv L K
  .                    (5) 

 
Ⱦɥɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɨɩɟɪɚɬɨɪɚ: 

2idL a    ɜ 2
R  – ɨɛɪɚɬɧɵɣ ɨɩɟɪɚɬɨɪ 

1
K L

  ɚɩɩɪɨɤɫɢɦɢɪɭɟɦ ɮɭɧɤɰɢɟɣ: 
 

               
 

21Ȗȕ x
K x e

 .             (6) 

 
ɍɪɚɜɧɟɧɢɹ ɷɜɨɥɸɰɢɢ ɞɢɮɮɟɨɦɨɪɮɢɡ-

ɦɨɜ Эɣɥɟɪɚ-ɉɭɚɧɤɚɪɟ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɪɟ-
ɲɟɧɢɟɦ ɭɪɚɜɧɟɧɢɣ ɜɚɪɢɚɰɢɨɧɧɨɣ ɡɚɞɚɱɢ ɫ 
ɮɭɧɤɰɢɨɧɚɥɨɦ  tv  [5]:  

 

  
   α α α αT

t t t t t t td dt D v v Dv    
  

(7) 

 

ɝɞɟ  ; , 1,2i jDf f x i j    . 

ȿɫɥɢ ɨɛɴɟɤɬɚɦɢ ɹɜɥɹɸɬɫɹ ɬɨɱɟɱɧɵɟ 
ɦɧɨɠɟɫɬɜɚ, ɬɨ ɜɟɤɬɨɪɧɵɟ ɩɨɥɹ ɜ ɬɨɱɤɚɯ 

    1 , ,t Nx x t x t  ɩɪɢɧɢɦɚɸɬ ɜɢɞ:  

 

   
1

,
N

t l l

l

v K x 


   . 

 
ɍɪɚɜɧɟɧɢɹ ɜɚɪɢɚɰɢɨɧɧɨɣ ɡɚɞɚɱɢ ɩɨɡɜɨ-

ɥɹɟɬ ɩɟɪɟɦɟɳɚɬɶ ɨɛɴɟɤɬɵ ɜɞɨɥɶ ɬɪɚɟɤɬɨ-
ɪɢɣ, ɤɨɬɨɪɵɦ ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɞɢɮɮɟɨɦɨɪɮ-
ɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ. Ⱦɢɮɮɟɨɦɨɪɮɢɡɦɵ ɧɟ 
ɩɨɡɜɨɥɹɸɬ ɢɡɦɟɧɢɬɶ ɬɨɩɨɥɨɝɢɸ ɜɞɨɥɶ ɝɟɨ-
ɞɟɡɢɱɟɫɤɢɯ ɬɪɚɟɤɬɨɪɢɣ. ɇɟɬɨɱɧɵɣ ɜɢɞ 
ɞɢɮɮɟɨɦɨɪɮɢɡɦɨɜ Д6, 7] ɨɛɟɫɩɟɱɢɜɚɟɬ ɦɟ-
ɯɚɧɢɡɦ, ɤɨɬɨɪɵɣ ɩɨɡɜɨɥɹɟɬ ɩɪɢ ɷɜɨɥɸɰɢɢ 
ɝɟɨɞɟɡɢɱɟɫɤɢɯ ɨɬɤɥɨɧɹɬɶɫɹ ɨɬ ɬɨɱɧɵɯ ɞɟ-
ɮɨɪɦɚɰɢɣ. ȼ ɡɚɞɚɱɟ ɧɟɬɨɱɧɨɝɨ ɫɪɚɜɧɟɧɢɹ 
ɦɢɧɢɦɢɡɢɪɭɟɦɵɣ ɮɭɧɤɰɢɨɧɚɥ ɫɨɞɟɪɠɢɬ 
ɱɥɟɧ, ɤɨɬɨɪɵɣ ɨɰɟɧɢɜɚɟɬ ɬɨɱɧɨɫɬɶ ɩɨɩɚɞɚ-
ɧɢɹ ɬɨɱɟɤ  0

1 ; 1, ,ng x n N  ɜ ɬɪɟɛɭɟɦɵɟ 

ɩɨɡɢɰɢɢ 1

nx : 

 

           

 
1

22 2 1 0

1

10

σ
N

t n nV
n

v dt x g x




  ,      (8)  

 
ɩɪɢ ɷɬɨɦ ɜ ɭɪɚɜɧɟɧɢɹ Эɣɥɟɪɚ-ɉɭɚɧɤɚɪɟ 

ɞɢɮɮɟɨɦɨɪɮɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɜɜɨɞɢɬɫɹ 
ɩɚɪɚɦɟɬɪ 2σ :  

 

   

   

2

1

1 1

σ α ;

, α ; α , α α ,

k t k k t

N N
T

l l k k l k l

l l

dx dt v x v

K x d dt K x x
 

   

     
   

(9) 

 
ɡɞɟɫɶ 1K  ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɝɪɚɞɢ-

ɟɧɬ ɮɭɧɤɰɢɢ    , ,x y K x y  ɩɨ ɨɬɧɨɲɟɧɢɸ 

ɤ ɩɟɪɜɨɣ ɤɨɨɪɞɢɧɚɬɟ. ɉɪɢɦɟɦ ɞɥɹ ɨɩɟɪɚɬɨ-
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ɪɚ L  ɮɭɧɤɰɢɸ  ,K x   ɜ ɜɢɞɟ: 

    21Ȗ
,

x
K x e

    . Ɍɨɝɞɚ:  

 

   
21Ȗ1

1 , 2Ȗ k lx x

k l k lK x x x x e
     .  

 
Ɋɟɲɟɧɢɟ ɡɚɞɚɱɢ ɦɟɬɨɞɨɦ PSO 
ɉɪɢ ɪɟɲɟɧɢɢ ɭɪɚɜɧɟɧɢɹ (9) ɧɟɨɛɯɨɞɢɦɨ 

ɨɩɪɟɞɟɥɢɬɶ ɤɪɚɟɜɵɟ ɭɫɥɨɜɢɹ: 
 

    0 1α α 0 , ,α 0N  ɢ     1 1α α 1 , ,α 1N  

ɩɪɢ ɢɡɜɟɫɬɧɵɯ     0 1 0 , , 0Nx x x                                           

ɢ     1 1 1 , , 1Nx x x . 

 
ɉɪɢɦɟɧɟɧɢɟ ɝɪɚɞɢɟɧɬɧɵɯ ɦɟɬɨɞɨɜ ɪɟ-

ɲɟɧɢɹ ɡɚɞɚɱɢ (9) ɬɪɟɛɭɟɬ ɡɧɚɱɢɬɟɥɶɧɨɟ ɤɨ-
ɥɢɱɟɫɬɜɨ ɜɵɱɢɫɥɢɬɟɥɶɧɵɯ ɨɩɟɪɚɰɢɣ. Ⱦɥɹ 
ɪɟɲɟɧɢɹ ɷɬɨɣ ɡɚɞɚɱɢ ɜ ɪɚɛɨɬɟ ɩɪɟɞɥɚɝɚɟɬ-
ɫɹ ɩɪɢɦɟɧɟɧɢɟ ɦɟɬɨɞɚ ɩɪɢɫɬɪɟɥɤɢ 
(sСШШtТЧР) ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɚɥɝɨɪɢɬɦɚ PSO 
(pКrtТМlО sаКrЦ ШptТЦТгКtТШЧ). Ɇɟɬɨɞ ɩɪɢ-
ɫɬɪɟɥɤɢ ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɧɚɯɨɠɞɟɧɢɢ ɬɚɤɨɝɨ 
ɧɚɱɚɥɶɧɨɝɨ ɜɟɤɬɨɪɚ     0 1α α 0 , ,α 0N , 

ɱɬɨ ɡɧɚɱɟɧɢɟ ɮɭɧɤɰɢɨɧɚɥɚ (8) ɦɢɧɢɦɢɡɢɪɭ-
ɟɬɫɹ. 

Ɇɟɬɨɞ PSO ɨɫɧɨɜɚɧ ɧɚ ɢɦɢɬɚɰɢɢ ɩɨɜɟ-
ɞɟɧɢɹ ɪɨɹ ɧɚɫɟɤɨɦɵɯ ɢ ɛɵɥ ɩɪɟɞɥɨɠɟɧ J. 
KОЧЧОНв ɜ 1995 ɝɨɞɭ Д8]. ȼ ɤɨɧɬɟɤɫɬɟ ɦɧɨɝɨ-

ɩɚɪɚɦɟɬɪɢɱɟɫɤɨɣ ɨɩɬɢɦɢɡɚɰɢɢ ɪɨɣ (sаКrЦ) 
ɢɦɟɟɬ ɮɢɤɫɢɪɨɜɚɧɧɵɣ ɪɚɡɦɟɪ; ɤɚɠɞɚɹ ɱɚɫ-
ɬɢɰɚ ɩɟɪɜɨɧɚɱɚɥɶɧɨ ɪɚɫɩɨɥɨɠɟɧɚ ɜ ɫɥɭɱɚɣ-
ɧɵɯ ɦɟɫɬɚɯ ɜ ɦɧɨɝɨɦɟɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ 
ɩɪɨɟɤɬɢɪɨɜɚɧɢɹ. ɑɚɫɬɢɰɵ ɢɦɟɸɬ ɞɜɟ ɯɚɪɚɤ-
ɬɟɪɢɫɬɢɤɢ: ɩɨɥɨɠɟɧɢɟ ɢ ɫɤɨɪɨɫɬɶ. ɉɨɥɨɠɟ-
ɧɢɟ ɱɚɫɬɢɰɵ ɨɩɪɟɞɟɥɹɟɬɫɹ ɡɧɚɱɟɧɢɟɦ ɰɟ-
ɥɟɜɨɣ ɮɭɧɤɰɢɢ. ɑɚɫɬɢɰɵ ɨɛɦɟɧɢɜɚɸɬɫɹ 
ɢɧɮɨɪɦɚɰɢɟɣ (ɥɭɱɲɢɦɢ ɩɨɡɢɰɢɹɦɢ) ɢ ɦɨɝɭɬ 
ɤɨɪɪɟɤɬɢɪɨɜɚɬɶ ɫɜɨɢ ɩɨɡɢɰɢɢ ɢ ɫɤɨɪɨɫɬɢ. 
Ⱥɥɝɨɪɢɬɦ ɦɟɬɨɞɚ PSO ɩɪɢɜɟɞɟɧ ɜ ɩɪɢɥɨɠɟ-
ɧɢɢ. 

ɉɪɢɦɟɪ. Ɋɚɫɫɦɨɬɪɢɦ ɩɪɢɦɟɪ ɞɢɮɮɟɨ-
ɦɨɪɮɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɡɚɦɤɧɭɬɨɣ ɤɪɢ-
ɜɨɣ – ɨɤɪɭɠɧɨɫɬɢ ɟɞɢɧɢɱɧɨɝɨ ɪɚɞɢɭɫɚ (ɷɥ-
ɥɢɩɫ ɫ ɷɤɫɰɟɧɬɪɢɫɢɬɟɬɨɦ ε 0  ɢ ɞɥɢɧɨɣ 
ɨɤɪɭɠɧɨɫɬɢ 2π ) ɜ ɨɬɪɟɡɨɤ ɩɪɹɦɨɣ ɞɥɢɧɨɣ π  

(ɷɥɥɢɩɫ ɫ ε 1 ) ɡɚ ɟɞɢɧɢɱɧɵɣ ɩɟɪɢɨɞ ɜɪɟ-
ɦɟɧɢ. Ⱦɥɹ ɷɬɨɝɨ ɜɵɛɟɪɟɦ 12N   ɬɨɱɟɤ ɧɚ 
ɷɥɥɢɩɫɟ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɩɚɪɚɦɟɬɪɭ 

1θ βπ ; 1, ,i iN i N
  . ȼɵɛɟɪɟɦ ɩɚɪɚɦɟɬɪ 

ɭɪɚɜɧɟɧɢɹ ɞɢɮɮɟɨɦɨɪɮɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚ-
ɧɢɣ: 2 4σ 10 ; ɩɚɪɚɦɟɬɪ ɦɟɬɨɞ PSO: 

0,7 ; ɱɢɫɥɨ ɱɚɫɬɢɰ: 10. ȼ ɬɚɛɥɢɰɟ 1 
ɩɪɟɞɫɬɚɜɥɟɧɵ ɪɟɡɭɥɶɬɚɬɵ ɦɨɞɟɥɢɪɨɜɚɧɢɹ 
ɞɢɮɮɟɨɦɨɪɮɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɬɨɱɟɤ 
ɷɥɥɢɩɫɚ ɨɬ ɡɧɚɱɟɧɢɹ ɷɤɫɰɟɧɬɪɢɫɢɬɟɬɚ ε 0  

ɞɨ ε 1  ɞɥɹ ɱɟɬɵɪɟɯ ɬɨɱɟɤ (ɢɡ 12) ɡɚɦɤɧɭ-
ɬɨɣ ɤɪɢɜɨɣ. 

 
Ɍɚɛɥɢɰɚ 1 – Ɋɟɡɭɥɶɬɚɬɵ ɦɨɞɟɥɢɪɨɜɚɧɢɹ ɞɢɮɮɟɨɦɨɪɮɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ  

 

t  
0

0x  
0

3x  
0

6x  
0

9x  
0

0x  ε  

0 (0,00; 1,00) (1,00; 0,00) (0,00; -1,00) (-1,00; 0,00) (0,00; 1,00) 0,000 

2 (0,01; 0,77) (1,41; -0,01) (-0,01; -0,77) (-1,43; 0,02) (0,01; 0,77) 0,840 

4 (0,02; 0,55) (1,83; -0,01) (-0,02; -0,55) (-1,84; 0,02) (0,02; 0,55) 0,954 

6 (0,02; 0,36) (2,22; -0,01) (-0,02; -0,36) (-2,22; 0,03) (0,02; 0,36) 0,987 

8 (0,02; 0,18) (2,56; -0,01) (-0,02; -0,18) (-2,54; 0,03) (0,02; 0,18) 0,998 

10 (0,03; 0,00) (2,85; -0,02) (-0,03; 0,00) (-2,82; 0,05) (0,03; 0,00) 1,000 

 
1

0x  
1

3x  
1

6x  
1

9x  
1

0x   

1
x  (0,00; 0,00) (3,14; 0,00) (0,00; 0,00) (-3,14; 0,00 (0,00; 0,00) 1,000 
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ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɟɧɚ ɞɢɫɩɟɪɫɢɹ ɧɟ-
ɬɨɱɧɨɫɬɢ ɩɨɩɚɞɚɧɢɹ: 

 

  
12 2

1 0

1

1

0,34n n

n

x g x


   ɢ ɫɪɟɞɧɟɟ ɨɬ-

ɤɥɨɧɟɧɢɟ ɨɞɧɨɣ ɬɨɱɤɢ ɨɬ ɰɟɥɢ: 
 

  
12 2

1 1 0

1

1

12 0,17n n

n

x g x




  .  

 
Ⱦɥɹ ɩɨɜɵɲɟɧɢɹ ɬɨɱɧɨɫɬɢ ɩɨɩɚɞɚɧɢɹ ɧɟ-

ɨɛɯɨɞɢɦɨ ɭɜɟɥɢɱɢɬɶ ɱɢɫɥɨ ɢɬɟɪɚɰɢɣ ɢ ɤɨ-
ɥɢɱɟɫɬɜɨ ɱɚɫɬɢɰ ɜ ɦɟɬɨɞɟ PSO, ɚ ɬɚɤɠɟ 
ɭɦɟɧɶɲɢɬɶ ɩɚɪɚɦɟɬɪ ɞɢɫɩɟɪɫɢɢ 2σ . 

Ɂɚɤɥɸɱɟɧɢɟ 
Ɋɚɫɫɦɨɬɪɟɧɚ ɡɚɞɚɱɚ ɨɰɟɧɢɜɚɧɢɹ ɪɚɫ-

ɫɬɨɹɧɢɹ ɦɟɠɞɭ ɡɚɦɤɧɭɬɵɦɢ 2D ɤɪɢɜɵɦɢ. 
ɉɪɟɞɫɬɚɜɥɟɧɵ ɦɟɬɨɞɵ ɧɚɯɨɠɞɟɧɢɹ ɢɧɜɚɪɢ-
ɚɧɬɨɜ ɤ ɞɟɣɫɬɜɢɸ ɝɪɭɩɩ ɩɟɪɟɧɨɫɚ, ɜɪɚɳɟ-
ɧɢɹ ɢ ɦɚɫɲɬɚɛɢɪɨɜɚɧɢɹ ɧɚ ɡɚɦɤɧɭɬɭɸ ɤɪɢ-
ɜɭɸ, ɧɟ ɡɚɜɢɫɹɳɢɟ ɨɬ ɤɨɨɪɞɢɧɚɬɧɨɝɨ ɨɩɢɫɚ-
ɧɢɹ ɢɡɨɛɪɚɠɟɧɢɹ. Ⱦɥɹ ɨɰɟɧɢɜɚɧɢɹ ɧɨɪɦɵ 
ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɞɜɭɦɹ ɡɚɦɤɧɭɬɵɦɢ ɤɪɢ-
ɜɵɦɢ ɮɨɪɦɢɪɭɟɬɫɹ ɮɭɧɤɰɢɨɧɚɥ, ɫɨɨɬɜɟɬɫɬ-
ɜɭɸɳɢɣ ɧɨɪɦɟ ɪɚɫɫɬɨɹɧɢɹ ɦɟɠɞɭ ɞɜɭɦɹ 
ɤɪɢɜɵɦɢ, ɢ ɭɪɚɜɧɟɧɢɟ ɷɜɨɥɸɰɢɢ ɞɢɮɮɟɨ-
ɦɨɪɮɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ, ɩɨɥɭɱɟɧɧɨɟ ɪɟ-
ɲɟɧɢɟɦ ɜɚɪɢɚɰɢɨɧɧɨɣ ɡɚɞɚɱɢ. ɉɪɟɞɥɨɠɟɧ 
ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ ɞɢɮɮɟɨ-
ɦɨɪɮɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɩɨɫɬɪɨɟɧɧɵɣ ɧɚ 
ɨɫɧɨɜɟ ɦɟɬɨɞɚ PSO, ɤɨɬɨɪɵɣ ɩɨɡɜɨɥɹɟɬ 
ɡɧɚɱɢɬɟɥɶɧɨ ɫɨɤɪɚɬɢɬɶ ɨɛɴɟɦ ɜɵɱɢɫɥɢ-
ɬɟɥɶɧɵɯ ɨɩɟɪɚɰɢɣ ɩɨ ɫɪɚɜɧɟɧɢɸ ɫ ɝɪɚɞɢ-
ɟɧɬɧɵɦɢ ɦɟɬɨɞɚɦɢ ɪɟɲɟɧɢɹ. ȼ ɞɚɥɶɧɟɣ-
ɲɟɦ ɚɥɝɨɪɢɬɦ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ ɞɢɮɮɟ-
ɨɦɨɪɮɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɛɭɞɟɬ ɪɚɫɩɪɨ-
ɫɬɪɚɧɟɧ ɧɚ 3D ɨɛɴɟɤɬɵ: ɬɨɱɟɱɧɵɟ ɦɧɨɠɟɫɬ-
ɜɚ, ɤɪɢɜɵɟ ɢ ɩɨɜɟɪɯɧɨɫɬɢ. ɋɥɟɞɭɟɬɪɚɫ-
ɫɦɨɬɪɟɬɶ ɡɚɞɚɱɭ ɪɚɫɩɨɡɧɚɜɚɧɢɹ ɞɢɧɚɦɢɱɟ-
ɫɤɢ ɢɡɦɟɧɹɸɳɢɯɫɹ ɨɛɴɟɤɬɨɜ ɦɟɬɨɞɨɦ ɪɟ-
ɲɟɧɢɹ ɭɪɚɜɧɟɧɢɣ ɞɢɮɮɟɨɦɨɪɮɧɨɝɨ ɩɪɟɨɛ-
ɪɚɡɨɜɚɧɢɹ. 

Ɇɟɬɨɞ PSO [9] 
Ɋɚɫɫɦɨɬɪɢɦ ɡɚɞɚɱɭ ɨɩɬɢɦɢɡɚɰɢɢ (ɦɚɤ-

ɫɢɦɢɡɚɰɢɢ) ɛɟɡ ɨɝɪɚɧɢɱɟɧɢɣ: 
     

Maximize ;
l u

f  X X X X , ɝɞɟ    
,

l u
X X  

– ɧɢɠɧɹɹ (lower) ɢ ɜɟɪɯɧɹɹ (upper) ɝɪɚɧɢɰɵ 
X . ɉɭɫɬɶ ɱɢɫɥɨ ɱɚɫɬɢɰ N . ɉɪɨɰɟɞɭɪɚ PSO 

ɩɪɢɦɟɧɹɟɬɫɹ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɫɥɟɞɭɸɳɢɯ 
ɲɚɝɨɜ. 

1. ɋɮɨɪɦɢɪɭɟɦ ɫɥɭɱɚɣɧɨɟ ɧɚɱɚɥɶɧɨɟ 
ɦɧɨɠɟɫɬɜɨ    1 0 , , 0NX X . ɉɨɥɨɠɟɧɢɟ ɢ 
ɫɤɨɪɨɫɬɶ ɱɚɫɬɢɰɵ j  ɩɪɢ ɢɬɟɪɚɰɢɢ i : 

   
,

i i

j jX V  , ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. Ɉɩɪɟɞɟɥɢɦ ɡɧɚ-
ɱɟɧɢɟ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ: 

 

    1 0 , , 0Nf   X X . 

 
2. ɇɚɣɞɟɦ ɫɤɨɪɨɫɬɢ ɱɚɫɬɢɰ. ɇɚɱɚɥɶɧɵɟ 

ɫɤɨɪɨɫɬɢ ɜɫɟɯ ɱɚɫɬɢɰ ɩɪɢɧɢɦɚɸɬɫɹ ɪɚɜɧɵ-
ɦɢ ɧɭɥɸ ɢ ɧɨɦɟɪ ɢɬɟɪɚɰɢɢ: 1i  . 

3. ɇɚ ɢɬɟɪɚɰɢɢ i  ɧɚɣɞɟɦ ɩɚɪɚɦɟɬɪɵ 
   

,
i i

j jX V  ɱɚɫɬɢɰɵ j : 

(a) Иɫɬɨɪɢɱɟɫɤɨɟ ɥɭɱɲɟɟ ɡɧɚɱɟɧɢɟ ɩɨ-
ɥɨɠɟɧɢɹ  i

jX : ,best jP  ɫ ɥɭɱɲɢɦ ɡɧɚɱɟɧɢɟɦ 

ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ  i
jf  

 X  ɱɚɫɬɢɰɵ j  ɧɚ 

ɜɫɟɯ ɩɪɟɞɵɞɭɳɢɯ ɢɬɟɪɚɰɢɹɯ. Иɫɬɨɪɢɱɟɫɤɨɟ 
ɥɭɱɲɟɟ ɡɧɚɱɟɧɢɟ ɩɨɥɨɠɟɧɢɹ  i

jX : bestG  ɫ 
ɥɭɱɲɢɦ ɡɧɚɱɟɧɢɟɦ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ 

 i
jf  

 X  ɧɚ ɜɫɟɯ ɩɪɟɞɵɞɭɳɢɯ ɢɬɟɪɚɰɢɹɯ 

ɞɥɹ ɜɫɟɯ N  ɱɚɫɬɢɰ; (b) ɧɚɣɞɟɦ ɫɤɨɪɨɫɬɶ 
ɱɚɫɬɢɰɵ j  ɧɚ ɢɬɟɪɚɰɢɢ i :  

 
     

  0

1 1

1 1 ,

1

2 2 3 3 2 ,

i i i

j j best j j

i
i i

best j

c r

c r c r

  



      

      

V V P X

G X
 

  
ɝɞɟ 1 2 3, ,c c c  – ɫɤɨɪɨɫɬɢ ɨɛɭɱɟɧɢɹ, 

 1 2 3, , 0 1r r r   – ɪɚɜɧɨɦɟɪɧɨ ɫɥɭɱɚɣɧɨ ɪɚɫ-
ɩɪɟɞɟɥɟɧɧɵɟ ɱɢɫɥɚ; (c) ɧɚɣɞɟɦ ɩɨɥɨɠɟɧɢɟ 
ɱɚɫɬɢɰɵ j  ɧɚ ɢɬɟɪɚɰɢɢ i : 

     1i i i

j j j

 X X V , 

ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɡɧɚɱɟɧɢɟ ɰɟɥɟɜɨɣ 
ɮɭɧɤɰɢɢ    

1 , ,
i i

Nf  
 X X . 

4. ɒɚɝ 3 ɩɨɜɬɨɪɹɟɬɫɹ ɫ 1i i   ɢ ɧɨɜɵɦɢ 
ɡɧɚɱɟɧɢɹɦɢ , ,best j bestP G . ɉɪɨɰɟɫɫ ɩɪɨɞɨɥɠɚ-
ɟɬɫɹ ɞɨ ɬɟɯ ɩɨɪ, ɩɨɤɚ ɜɫɟ ɱɚɫɬɢɰɵ ɧɟ ɫɨɣ-
ɞɭɬɫɹ ɤ ɡɧɚɱɟɧɢɸ, ɨɛɟɫɩɟɱɢɜɚɸɳɟɦɭ ɨɩɬɢ-
ɦɭɦ ɰɟɥɟɜɨɣ ɮɭɧɤɰɢɢ. 
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APPLICATION OF PSO FOR SOLVING PROB-

LEMS OF INVARIANT COMPARISON 
OF TWO-DIMENSIONAL CLOSED CURVE 

 
D.B. Abramov, S.O. Baranov, S.V. Leykhter 

 
Abstract. The problem of estimating the norm 

of the distance between the two closed smooth 
curves for pattern recognition is considered. Dif-
feomorphic transformation curves based on the 
model of large deformations is described. For esti-
mating of the norm of the distance between two 
closed curves is formed the functional correspond-
ing normalized distance between the two curves, 
and the equation of evolution diffeomorphic trans-
formations. An algorithm for solving the equation of 
diffeomorphic transformation is proposed, built on 
the basis of PSO, which can significantly reduce 
the number of computing operations, compared 
with gradient methods for solving. The developed 
algorithms can be used in bioinformatics and bio-
metrics systems, classification of images and ob-
jects, machine vision systems, for pattern recogni-
tion and object tracking systems. 

 
Keywords: invariance, rotation group, transla-

tion group, diffeomorphic transformation, PSO me-
thod. 
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